In this work, we generalize the concept of one dimensional Natural transform to two dimensional Natural transform namely, double Natural transform and some of its properties are given. We also set a relation between double Natural transform and double Laplace, double Sumudu transforms. Further the convolution theorem with a proof is investigated with some details. Double Natural transform is applied to get the solutions of some general linear telegraphs, wave and partial integro-differential equations.
Introduction
Partial differential equations and their applications arise frequently in many branches of physics, engineering, and other sciences. There are many works that provided using integral transform method to solve some types of partial differential equations, for example in [12, 17] integral transform is used to solve boundary value problems and integral equations.
Laplace transform is one of the most used in the mathematical and engineering community. Definition of the Laplace transform, notations, and Laplace transforms of some elementary functions can be found in [28] .
Furthermore, one dimensional Laplace transform was extended to two dimensional and called as double Laplace transform. The first introduction of double Laplace transform was in [17] . Some operation calculus of double Laplace transform can be found in [10] . Double Laplace transform was used to solve heat, wave, and Laplace's equations with convolution terms (see [13] ), telegraph and partial integrodifferential equations (see [16] ).
Sumudu transform was first introduced by [30] and some of its applications were given by [2, 14, 20, 22] . For more information and features regarding Sumudu transform we refer to [3] [4] [5] [6] .
Analogous to Laplace transform, double Sumudu transform was established by [29] and used to get the solution of non-homogeneous wave equation with constant coefficient (see [23] ).
Additionally, [19, 24] double Laplace and Sumudu transforms were used to solve wave and Poisson equations, further the relation between them and their applications to differential equations were determined and studied by [15, 21] .
Natural transform is closely related to Laplace and Sumudu transforms. The Natural transform was first established by [18] that was known as N-transform and its properties were investigated by [1, 9] . In [7, 26] , the Natural transform is applied to solve Maxwell's equations. For more information we refer to [8] . Recently there was attempt to study and extend Natural transform to fractional way (see [25] ).
The aims of this study are to generalize the definition of single Natural transform to double Natural transform and achieve its main properties, in order to solve telegraph, wave and partial integro-differential equations.
Preliminaries
Definition 2.1 ([28] ). Laplace transform of f(x) for x > 0 is denoted by L {f(x)} or F(s) and known as
where s is a complex number. 17, 27] ). Double Laplace transform of two variables function f(x, y) for x, y > 0 is denoted by L 2 {f(x, y)} = F 2 (s, p) and defined as
Definition 2.2 ([
L 2 {f(x, y)} = F 2 (s, p) = ∞ 0 ∞ 0 e −sx e −py f(x, y)dxdy, where x, y ∈ R + . (2.1)
Definition 2.3 ([31]
). Sumudu transform of a function f(x) is denoted by S {f(x)} = G(u) and defined as
on the set of the functions
Definition 2.4 ([29]
). Double Sumudu transform of function f(x, y) is denoted by S 2 {f(x, y)} = G 2 (u, v) and defined as
where S 2 indicates double Sumudu transform.
Definition 2.5 ( [11, 17] ). If f(x, y) and g(x, y) are integrable functions, then double convolution of f(x, y) and g(x, y) is given by
and the symbol * * denotes the double convolution respect to x and y.
Definition 2.6 ( [9, 18] ). The Natural transform can be given by
where s, u are variables of the transform.
Definition of double Natural transform and double Natural transform of some special functions
In this part, we present double Natural transform definition and its inverse. Furthermore, we apply double Natural transform on some special functions. Definition 3.1. Let f(x, y) be a function and x, y ∈ R + , then double Natural transform is stated as
We can rewrite (3.1) in other form as
Remark 3.2. From the above definition, the equation (3.2) will turn to double Laplace and Sumudu transforms as follows.
1. when u = v = 1, then we obtain double Laplace transform as the formula (2.1) in Definition 2.2, 2. when s = p = 1, then we obtain double Sumudu transform as the formula (2.2) in Definition 2.4.
Definition 3.3. Double inverse Natural transform can be written as the formula
+ {f(x, y)} dp.
Now, we apply double Natural transform on some special functions as follows.
1. Let f(x, t) = 1 for x > 0 and y > 0, then
2. Let f(x, t) = x m y n , where m, n are positive integers, then
In the particular case, when m = n, then
It follows from Definition 3.2 
where Γ (c) is the Euler gamma function defined by the uniformly convergent integral
The formula (3.3) can be used to obtain the famous integral of the product of Riemann zeta functions ζ(t) defined by
It turns out that
.
s c Γ (c).
Summing this result over s and p from one to infinity gives
This is a double integral representation for product of two zeta functions. 4. Let f(x, t) = e ax+by , where a, b are any constants, then
, where a, b are any constants, then
Consequently,
6. Let f(x, t) = cosh(ax + by), where a, b are any constants, then
Similarly, we can obtain
. Now, we demonstrate some of main properties of double Natural transform as the following section.
Fundamental properties of double Natural transform of partial derivatives
If f(x, y) and g(x, y) are functions whose the double Natural transform exists, then we can reach the next general properties of double Natural transform under suitable conditions by applying definition of double Natural transform and integral calculus as follows.
1. Linearity property is achieved, for any constants a, b such that 
where H(x, y) is Heaviside unit step function defined by H(x − η, y − θ) = 1, when x > η and y > θ; and H(x − η, y − θ) = 0, when x < η and y < θ.
Proof. We have by definition,
By putting α = x − η, β = y − θ, This proves the theorem of double Natural transform of a periodic function.
Convolution theorem and relationship with other transforms
In this section, convolution theorem and double Natural transform of derivative of the convolution are presented. Further we produce the connection between double Natural transform and double Laplace, double Sumudu transforms.
Theorem 5.1. Suppose that f(x, y) and g(x, y) have double Natural transforms, thus
Proof. By applying definition of double Natural transform and double convolution, it yields that
let η = x − α, ζ = y − β, and extend upper bound of integrals to x −→ ∞, y −→ ∞, it implies that
the functions f(x, y), g(x, y) have zero value for x < 0, and y < 0, therefore
Moreover, double Natural transform of derivative of double convolution can be obtained by
Next we derive the connection between double Natural and double Laplace, double Sumudu transforms in successive theorems. 
where F 2 denotes the double Laplace transform of the function f.
Proof. The result can get directly from the formula (3.2) such that 
Proof. Substituting w = sx, τ = py in the formula (3.1), then we obtain
Applications
In the following examples we denote double Natural transform of the function w(x, y) by Proof. By applying double Natural transform on the equation (6.1) and single Natural transform on the equations (6.2) and (6.3), we obtain
Taking double inverse Natural transform for the equation (6.4), then we get the same solution that is given by using double Laplace transform (see [16] ),
w(x, y) = e x−y .
In the following example, we apply double Natural transform on non-homogeneous telegraph equation as follows. Proof. By applying double Natural transform on the equation (6.5) and single Natural transform on the equations (6.6) and (6.7), we obtain
Taking double inverse Natural transform for the equation (6.8), then we have the same solution that is obtained by using double Laplace transform (see [16] ),
w(x, y) = e x+y .
Example 6.3. Consider the following wave equation as
w xx (x, y) − w yy (x, y) = 3(e 2x+y − e x+2y ), x, y ∈ R + , (6.9) with boundary conditions w(0, y) = e y + e 2y , w x (0, y) = 2e y + e 2y , (6.10) and initial conditions w(x, 0) = e 2x + e x , w y (x, 0) = e 2x + 2e x . (6.11)
Proof. Taking double Natural transform of the equation (6.9) and single Natural transform of conditions (6.10) and (6.11), then we obtain
, after algebraic operations, it implies that
Taking double inverse Natural transform for the equation (6.12), we get the following solution w(x, 0) = e 2x+y + e x+2y .
In the next example, double Natural transform is applied on partial integro-differential equation as follows. Proof. By applying double Natural transform on the equation (6.13) and single Natural transform on the equations (6.14) and (6.15), we obtain The solution w(x, y) is in agreement with the result that got in [16] .
Conclusion
This work deals with definition of double Natural transform and its inverse. Fundamental properties of double Natural transform are obtained. Further, some examples and applications on double Natural transform are presented, and the results are in agreement with [16] . Using double Natural transform to solve some types of equations with variable coefficients will be a future work.
